










       
       
       









We review some recent developments in mathematical finance and financial 
econometrics. In particular we discuss the asymptotic expansion approach recently 
proposed by Kunitomo and Takahashi (1995, 2001, 2002).    Its mathematical validity is 
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౳෼ͯ࣌ؒ͠୯ҐΛ∆t = T/n ͔ͭه߸ͷઅ໿ͷҝʹT =1ʹઃఆͯ͠




Sn(i∆t) − Sn((i − 1)∆t)
Sn((i − 1)∆t)
(i =1 ,2,···,n)
Ͱ༩͑ΒΕΔɻॳظ஋ Sn(0) Λط஌ͷఆ਺ͱͯ͠ɺظؒ ((i − 1)∆t,i∆t]
ʹ͓͚Δऩӹ཰r(i∆t) ͕࣍ͷ৚݅Λຬͨ͢΋ͷͱ͠Α͏ɻ
[৚݅ A] ୯Ґ࣌ؒ ∆t ͋ͨΓͷऩӹ཰ r(i∆t)( i =1 ,···,n) ͕࣍ͷ৚݅
Λຬͨ͢ɻ(A-i) ظ଴ऩӹ཰͸Ұఆ EP[r(i∆t)] = µ∆t (i =1 ,2,···,n)ɺ
(A-ii) r(i∆t) ͱ r(j∆t)( i  = j) ͸ޓ͍ʹແ૬ؔͳ֬཰ม਺ྻɺ(A-iii) ऩ
ӹ཰ͷ෼ࢄ͸Ұఆ V P[r(i∆t)] = σ2∆tɺ(A-iv) EP[|r(i∆t)|3]=o(∆t) ɻ
ͨͩ͠਺ֶతظ଴஋EP[ · ]͸ (؍࡯Մೳͳʣ֬཰ଌ౓P ͷԼͰఆٛ͢Δɻ
1 ਺ཧϑΝΠφϯε΁ͷೖ໳ͱͯ͠͸ Pliska (1997) ٴͼ Lamberton=Lapeyre (1997)
ͱͦͷ຋༁Λࢀߟจݙʹڍ͓͍͛ͯͨɻຊߘͰड़΂Δ಺༰ʹ͍ͭͯ͸ࠃ༑ɾߴڮ (2002)
͕ࢀߟʹͳΖ͏ɻͳ͓ҏ౻ਗ਼ࢯ (Kiyoshi Ito) ͷಠ૑తݚڀʹ୺Λൃͯ͠ൃల͍ͯ͠Δ֬
཰ղੳֶʹ͍ͭͯ͸ɺ௕Ҫ (1999) ΍ Ikeda=Watanabe (1989) ͕ৄ͍͠
2͜͜Ͱ͸આ໌Λ༰қʹ͢Δҝʹ৚݅ A ͱͯ͠௒աऩӹ཰ܥྻ r(i∆t) −
µ∆t (i =1 ,···,n) ͕ʮެฏͳήʔϜʢfair gameʣʯͷ৚݅ͱͯ͠஌
ΒΕ͍ͯΔϚϧνϯήʔϧࠩ෼ʢmartingale diﬀerencesʣʹͳ͍ͬͯΔ
Α͏ʹઃఆͨ͠2 ɻ͞Βʹɺn ݸͷޓ͍ʹແ૬ؔͰ෼ࢄ ∆t ͷ֬཰ม਺
Xn(i∆t) Λ Xn(i∆t)=[ r(i∆t) − µ∆t]/σ ɺ֬཰ม਺ྻ {Bn(i∆t)} ʹ
ΑΓ Xn(i∆t)=Bn(i∆t) − Bn((i − 1)∆t) ͱද͓ͯ͜͠͏ɻॳظ஋Λ
Bn(0) = 0 ͱ͢Ε͹Bn(i∆t)=
i
j=1 Xn(j∆t) ͱॻ͚ΔͷͰऩӹ཰͸




















Ε͹ɺln ʢ1ʴr(j∆t)) = r(j∆t)− 1
2r(j∆t)2+op(∆t) ͱۙࣅͰ͖Α͏ɻ͜

























ͱද͢͜ͱ͕Ͱ͖Δɻ͜͜Ͱ [0,1]্ͷ࣌ࠁ t Λݻఆ͓͍ͯͯ͠෼ׂ۠ؒ








)t + σB(t) (3)
2 ͜͜Ͱ֬཰ม਺ྻ {X(i∆)} ͕Ϛϧνϯήʔϧࠩ෼ͱ͸৚݅෇ظ଴஋
E
P[X(i∆)|Fi−1]=0( i =1 ,···,n) Λҙຯ͠ɺແ૬ؔͳ֬཰ม਺ྻͱͳΔɻ͜͜Ͱɺ







͜͜Ͱ B(t) ͸ظ଴஋0ɺ෼ࢄ t ͷਖ਼ن෼෍ʹ͕ͨ͠͏֬཰ม਺ʢ̍࣍ݩ
ඪ४ϒϥ΢ϯӡಈʣΛҙຯ͢Δ͜ͱʹͳΔɻ͜Ε͕ࢿ࢈Ձ֨ͷزԿϒϥ΢
ϯӡಈʢgeometric Brownian motionʣͷϞσϧͰ͋Δɻ͜͜ͰB(t) ͸࣌



















ͯ͠ΈΑ͏ɻ͢ͳΘͪɺ֬཰ଌ౓ P ͷԼͰͷυϦϑτ߲Λ (µ − r)t/σ ͩ
͚ͣΒͯ͠ɺ֬཰ଌ౓Q Λߏ੒͢Δ͜ͱʹ͢Δɻ͜ͷͱ͖ଌ౓Q ͷԼͰ




)(t − s)+σ[B(t)∗ − B(s)∗]}
ͱͳΔɻ͜͜Ͱ֬཰ଌ౓ Q ͷԼͰ͸ϒϥ΢ϯӡಈ B(t)∗ − B(s)∗ ͕ظ଴














͜͜Ͱຬظ࣌ࠁ T ʹ͓͚Δࢧ෷͍ؔ਺͕ g(S(T)) ͱͳΔϤʔϩούܕ
Φϓγϣϯܖ໿ͷ࣌ࠁ t ͷཧ࿦Ձ֨͸৚݅෇ظ଴஋
x = EQ[e−r(T−t)g(S(T))] (7)
Ͱ༩͑ΒΕΔɻίʔϧɾΦϓγϣϯܖ໿ΛྫʹͱΔͱɺ͜ͷܖ໿͸͋Δࣄ
લʹ֬ఆͨ࣌͠ࠁT ʹ͓͍ͯɺࢿ࢈Λࣄલʹ֬ఆ͢Δݖརߦ࢖Ձ֨ K ʹ
ΑΓࢿ࢈Ձ֨S(T)ΛऔಘͰ͖ΔݖརͰ͋Δɻ͕ͨͬͯ͠ɺݖརߦ࢖࣌఺
ͰݖརΛߦ࢖͠ͳͯ͘΋Α͍ͷͰɺg(S(T)) = max{S(T) − K,0} (K ͸
Ұఆ஋) ͱͳΔɻ{S(t)} ͕زԿϒϥ΢ϯӡಈʹ͕ͨ͠͏࣌ʹ͸


































େ෦෼͸౷ܭత࣌ܥྻղੳ (statistical time series analysis) ΍౷ܭతଟม














ϒϥ΢ϯӡಈΑΓੜ੒͞ΕΔϑΟϧλʔΛFB(t)=σ{B(s):0≤ t ≤ T}ɺ
σ− ू߹ମ FB(T) ʹରͯ֬͠཰ଌ౓ P( · ) ͷθϩ෦෼ू߹ N ΛՃ͑ͨ




શࢿ࢈ͷՁ֨Λ S0(t)Ͱද͓ͯ͜͠͏ɻ͜ͷՁ֨ S0(t) ͕F(t)ద߹తͰ͔
ͭ༗քมಈɺ͞Βʹ t ∈ [0,T]ʹ͍ͭͯͷઈର࿈ଓੑ·ͰԾఆ͢Ε͹
dS0(t)=r(t)S0(t)dt (9)
ͱද͞ΕΔɻ{r(t,ω)}͸୹ظۚརͱݺ͹ΕΔ͕ɺओཁۜߦؒͷ୹ظ՟ฎࢢ
3 ͜͏ͨ͠ܭྔϑΝΠφϯεʹ͓͚Δ 1990೥୅൒͹·Ͱͷಈ޲ʹ͍ͭͯ͸ྫ͑͹ Camp-











σij(t,ω)dBj(t)] (i =1 ,···,n) (10)
ʹ͕ͨ͠͏࿈ଓ࣌ؒͷ֬཰աఔͱ͠Α͏ɻ͜ͷ֬཰ඍ෼ํఔࣜ͸ਖ਼஋ͷॳ






















Δͱɺূ݊Ձ֨1 ʹରͯ͠ඇෛͷҰఆֹδi(t)( i =1 ,···,n)͕࿈ଓతʹ഑
౰ͱͯ͠ࢧ෷ΘΕΔͱԾఆͯ͠෼ੳΛߦ͏͜ͱ͕Ͱ͖Δɻ഑౰͕θϩͰͳ
͍ͱ͖ʹ͸ɺୈi ϦεΫূ݊1 ୯ҐΛอ༗͢Δ͜ͱʹΑΓൃੜ͢Δऩӹա







ؒ [0,T] Λద౰ʹ n ۠ؒʹ෼ׂͯ͠ 0=t0 <t 1 < ··· <t m = Tɺ࣌
ࠁ tk (k =1 ,···,m) ʹ͓͚Δ҆શࢿ࢈ͷอ༗ྔΛ η0(tk) , ةݥࢿ࢈ͷอ
༗ྔΛ ηi(tk)( i =1 ,···,n), ظؒ [0,t k] ʹ͓͚Δࢿ࢈อ༗͔Βൃੜ͢Δ
རಘΛ G(tk) Ͱදͦ͏ɻॳظঢ়ଶ G(0) = 0 ͱ͢Δͱ G(tk+1) − G(tk)=
n
i=0 ηi(tk)[Yi(tk+1)−Y (tk)] Ͱ༩͑ΒΕΔɻ͜͜Ͱظؒ[tk,t k+1) ʹ͓͍
ͯ͸֤ࢿ࢈ͷอ༗ྔΛมԽ͢Δ͜ͱ͕ग़དྷͳ͍ͱ͍ͯ͠Δ͜ͱʹ஫ҙ͢



















, 1 =( 1 ,···,1)
 
, B(t)=( B1(t),···,B d(t))
 
, ͱ

























ྫ͑͹̍અͷϒϥοΫɾγϣʔϧζɾϞσϧʹ͓͚Δ(8) ࣜ͸n = d =1
͔ͭδ(s)=0 ,r(s)=r, Σ(s)=σ, π(s)=η(s)S(s) ͱஔ͘͜ͱͰରԠ͕ͭ
͘ɻ͜ͷͱ͖ࢢ৔͸׬උ (complete) ͱݺ͹Εɺ೿ੜূ݊ͷຬظͷࢧ෷͍












ڮʢKunitomo=Takahashi (1995, 2001), Takahashi (1999)ʣ͸ʮখ෼ࢄ









͜ͱ΋ڧௐ͓ͯ͜͠͏ɻ ʢྫ͑͹ Ikeda=Watanabe (1989) ̑ষ, Yoshida
(1992, 1987) ͳͲΛࢀরɻ ʣ
͜͜Ͱର৅ͱͳΔࢢ৔͕ϒϥοΫɾγϣʔϧζܦࡁͱݺ͹ΕΔঢ়گʹͭ
͍ͯ͸ɺߴڮʢTakahashi (1999)ʣ͸ nݸͷࢿ࢈Ձ֨Λཁૉͱ͢ΔՁ֨ϕ













  (0 < ≤ 1) ΛؚΉ n × 1 Ձ֨ϕΫτϧɺΣ∗(S( )(v),v)( n × d) ͸Ϙϥ
ςΟϦςΟ߲ɺr(·,·) ͸ඇෛͷ୹ظۚརɺB(v)(= (Bi(v))) ͸ d ࣍ݩϒϥ
΢ϯӡಈϕΫτϧͰ͋Δɻ͜ͷͱ͖   → 0ͱͳΔঢ়گͰͷແࡋఆཧ࿦ͷԼ
Ͱͷʮখ෼ࢄཧ࿦ʯΛߟ͑Δ͜ͱͰ4 ɺࢿ࢈Ձ֨ {S( )(t)} ʹ΋ͱͮ͘೿




2000), Sφrensen=Yoshida (2000) ౳ʹ͓͍ͯݚڀ͞Ε͍ͯΔɻ
ଞํɺۚར͕Ұఆͱ͍͏ԾఆΛ؇ΊͨΑΓݱ࣮తͳঢ়گͰ͸ʮۚརͷظ
ؒߏ଄ʯΛߟྀ͢Δඞཁ͕͋Δɻ͜ͷ໰୊ʹ͍ͭͯ͸༗ྗͳཧ࿦ͱͯ͠
HJM ཧ࿦ (Heath et. al. (1992)ʣ͕஌ΒΕ͍ͯΔɻ͜͜ͰP(s,t) Λຬظ
͕̓Ͱ͋ΔׂҾ࠴ͷ࣌ࠁ͂ʹ͓͚ΔՁ֨ͱ͠Α͏(0 ≤ s ≤ t ≤ T<+∞)ɻ
͜ͷׂҾ࠴Ձ͕֨ม਺ t ʹ͍ͭͯඍ෼ՄೳͰ͋ͬͯඇෛ৚݅ P(s,t) > 0
Λຬͨ͢ͱ͢Ε͹࣌ࠁ͂ʹ͓͚Δ࣌ࠁ̓ͷॠؒతઌ౉ʢϑΥϫʔυʣϨʔ
































͸(ඇ֬཰త)ॳظϑΥʔϫʔυɾϨʔτɺ{Bi(v);i =1 ,···,D}͸D ࣍ݩ







Ͱ༩͓͑ͯ͘ͱ੔߹తʹͳΔɻ͜͜Ͱύϥϝλʔ͕  → 0 ͱͳΔঢ়گΛ૝
ఆ͢Δ͜ͱͰখ෼ࢄཧ࿦Λల։͢Δ͜ͱ͕ՄೳͱͳΔɻ͢ͳΘͪϑΥϫʔ
υɾϨʔτ {f( )(s,t)} ΑΓׂҾࠃ࠴աఔ









































































Bachelier, L. (1900),”Theory of Speculation,” in Cortner, P. (1964) ed. The Random
Character of Stock Prices, MIT Press, Reprint.
Campbell, J., Lo, A., and A.C. MacKinlay (1997), The Econometrics of Financial
Markets, Princeton University Press.
Ikeda, N. and Watanabe, S. (1989), Stochastic Diﬀerential Equations and Diﬀusion
Processes, Second Edition, North-Holland/Kodansha, Tokyo.
Heath, D., Jarrow, R., and Morton, A. (1992), ”Bond Pricing and the Term Structure
of Interest Rates : A New Methodology for Contingent Claim Valuations,” Econo-
metrica, Vol.60, 77-105.
Karatzas, I. and Shreve, S. (1998), Methods of Mathematical Finance, Springer.
11Kim, Y. and N. Kunitomo (1999), “Pricing Options under Stochastic Interest Rates
: A New Approach,” Asia-Paciﬁc Financial Markets (Kluwer), Vol. 6, 49-70.
Kunitomo, N. and Kim, Y. (2001), “Eﬀects of Stochastic Interest Rates and Volatility
on Contingent Claims,” Discussion Paper CIRJE-F-129, Faculty of Economics, Uni-
versity of Tokyo.
Kunitomo, N. and Takahashi, A. (1995), “The Asymptotic Expansion Approach to
the Valuation of Interest Rate Contingent Claims,” Discussion Paper No.95-F-19,
Faculty of Economics, University of Tokyo.
Kunitomo, N. and Takahashi, A. (1998), “On Validity of the Asymptotic Expansion
Approach in Contingent Claim Analysis,” Discussion Paper No.98-F-6, Faculty of
Economics, University of Tokyo, forthcoming in Annals of Applied Probability.
Kunitomo, N. and Takahashi, A. (2001), “The Asymptotic Expansion Approach to
the Valuation of Interest Rate Contingent Claims,” Mathematical Finance, Vol. 11,
117-151.
ࠃ༑௚ਓɾߴڮ໌඙ (2002), “਺ཧϑΝΠφϯεͷجૅɿ઴ۙల։ͷख๏ͱԠ༻ ,” ౦༸ܦ
ࡁ৽ใࣾʢۙץʣ ɻ
Lamberton, D. and B. Laperyre (1997), “Introcuction au Calcul Stochastique Appliqu´ e
` a la Finance,” Ellipses (೔ຊޠ༁ʮϑΝΠφϯε֬཰ղੳʯ ɺே૔ॻళ)ɻ
Pliska, S. (1997), “Introduction to Mathematical Finance,” Blackwell (೔ຊޠ༁ʮ਺
ཧϑΝΠφϯεೖ໳ɿ཭ࢄ࣌ؒϞσϧʯ ɺڞཱग़൛)ɻ
௕Ҫӳੜ (1999), “֬཰ඍ෼ํఔࣜ,” ʢ̎̍ੈلͷ਺ֶ 27ɺڞཱग़൛ʣ ɻ
Sφrensen, M. and Yoshida, N. (2000), “Random Limit Expansion for Small Diﬀusion
Processes,” Unpublished Manuscript.
Takahashi, A. (1999), “An Asymptotic Expansion Approach to Pricing Contingent
Claims,” Asia-Pasiﬁc Financial Markets, 6, 115-151.
Takahashi, A. and Yoshida, N. (2001), “Asymptotic Expansion Scheme for the Opti-
mal Portfolio for Investment,” Preprint, Graduate School of Mathematical Sciences,
University of Tokyo.
Yoshida, N. (1992), “Asymptotic Expansions of Maximum Likelihood Estimators for
Small Diﬀusions via the Theory of Malliavin-Watanabe,” Probability Theory and Re-
lated Fields, Vol.92, 275-311.
Yoshida, N. (1997), “Asymptotic Expansions for Martingales on Wiener Space and
Applications to Statistics,” Probability Theory and Related Fields, Vol.109, 301-342.
12